Shock dynamics of strong imploding cylindrical and spherical shock waves with non-ideal gas effects R K Anand Wave Motion (2013), http://dx.Abstract In this paper, the generalized analytical solution for one dimensional adiabatic flow behind the strong imploding shock waves propagating in a non-ideal gas is obtained by using Whitham's geometrical shock dynamics theory. Landau and Lifshitz's equation of state for non-ideal gas and Anand's generalized shock jump relations are taken into consideration to explore the effects due to an increase in (i) the propagation distance from the centre of convergence, (ii) the non-idealness parameter and, (iii) the adiabatic index, on the shock velocity, pressure, density, particle velocity, sound speed, adiabatic compressibility and the change in entropy across the shock front. The findings provided a clear picture of whether and how the non-idealness parameter and the adiabatic index affect the flow field behind the strong imploding shock front.
Introduction
The study of shock waves is an important research field for the safety assessments and predictions of disasters due to explosions. Shock waves are produced due to the sudden release of enormous amount of energy from sources such as a nuclear explosion, a chemical detonation, or rupture of a pressurized vessel. These waves are characterized by a supersonic shock front followed by an exponential-type decay of the physical properties of the gas [1] . Shock waves are common in the interstellar medium because of a great variety of supersonic motions, supernova explosions; central part of star burst galaxies, etc. Imploding shock waves have been a field of continuing research interest over the years as possible methods for generating high-pressure, high-temperature plasmas at the centre of convergence, as well as to understand the basic fluid dynamics involved in the process. Since at the centre of convergence all physical variables tend to infinity, numerical methods fail to make predictions about the occurrences in the immediate vicinity of the centre. Shock waves are usually generated by point explosions (nuclear explosions and detonation of solid explosives, solid and liquid propellants rocket motors), high pressure gas containers (chemical explosions) and laser beam focusing. email: anand.rajkumar@rediffmail.com 3/30 Physics Department, University of Allahabad, Allahabad 211 002 pressure and temperatures by shock focusing. The study of imploding shock waves in real gases is of immense significant due to its wide applications to supersonic flights in polluted air, metalized rocket propellants, bomb blasts, coal mine blasts, lunar ash flow, nozzle flow, underground, volcanic and cosmic explosions, collision of comet with a planet and many other astrophysical situations and engineering problems in industry and the environment. The motion of spherical and cylindrical shock waves in real gases were studied by Steiner and Gretler [23] taking into account the high temperature effects of vibration, dissociation, electronic excitation, and ionization, as well as the intermolecular forces at high pressures. The flow field behind the converging shock waves was investigated in van der Waals gas by Wu and Roberts [24, 25] and Evans [26] . Using the direct simulation Monte Carlo (DSMC) method, Goldsworthy and Pullin [27] investigated the effects of finite Knudsen number in the problem of a cylindrically imploding shock wave and found that the solution of the dissipative flow field displays a scaling consistent with the Guderlay similarity exponent. Kjellander, Tillmark and Apazidis [28] studied strong cylindrical and spherical shock implosion in a monatomic real gas and shown that ionization has a major effect on temperature and density behind the converging shock as well as on the shock acceleration. Recently, Zhigang et al [29, 30] proposed a simple but effective technique based on shock dynamics to generate cylindrical converging shock waves. The theoretical investigations adopting above mentioned approaches are in close agreement with the experimental results [31] [32] [33] . Thus, the dynamics of the propagation of imploding shock waves is accurately predicted by the power-law solution, and geometrical shock dynamics approach [34] . To author's best knowledge, so far there is no paper reporting the analytical solutions for imploding shock waves propagating in a non-ideal gas taking into consideration the equation of state as given by Landau and Lifshitz [35] . The geometrical shock dynamics approach is employed to investigate the motion of converging shock waves and it gives highly accurate results especially, in the case of a spherical symmetry. Since a converging shock is strengthened as it focuses on the origin, the strong-shock approximation is appropriate. This has developed my interest in studying the strong imploding shock waves propagating in non-ideal gas. Such a problem is of great interest in astrophysics as it is highly relevant to the problem of the origin of cosmic rays [6, 7, 9, 12] .
Using a numeric method of characteristics Steiner and Gretler [23] found substantial deviation in the initial stages of the explosion from the ideal gas solution due to the inclusion of conductive and radiative heat transfer, in particular the variations in temperature profiles and the thermodynamic state just behind the imploding front. Kjellander, Tillmark and Apazidis [28] found considerable decrease in temperature and increase in density as compared to the ideal nonionizing case; whereas the ionization does not have the same striking effect on pressure behind the imploding front. In the present basic research paper, the author has investigated the effects of non-idealness parameter and adiabatic index of the gas on the flow variables just behind the strong imploding shock front. For this purpose, a geometrical shock dynamics model is developed to provide a simplified, complete treatment of the propagation of strong imploding cylindrical and spherical shock waves in non-ideal gases during the convergent process. Geometrical shock dynamics was introduced by Whitham [5] and the method is further described in Whitham [34] . The original geometrical shock dynamics method does not account for the influence of the flow ahead of the shock. The equation of state used is Landau and Lifshitz's [35] model for a non-ideal gas. It is worth mentioning that the effects due to the non-ideal gas enter through the non-idealness parameter of the gas. The analytical solutions for one dimensional adiabatic flow behind the strong imploding shock waves in non-ideal gas with a constant ratio of specific heats are derived by assuming that the disturbances due to the reflections, wave interactions in the wake, etc., do not overtake the imploding shock waves. The analytic expression for the propagation velocity of shock is obtained by substituting the generalized shock jump relations derived by the author [36] into the negative characteristic equation. Two cases are considered-cylindrical and spherical converging shocks to highlight the differences between the 2D and 3D convergence. The general non-dimensional forms of the analytical expressions for the distribution of pressure, density, particle velocity, speed of sound and adiabatic compressibility of the medium just behind imploding shock front are obtained, assuming the medium to be inviscid, non-heat conducting, electrically infinitely conducting, initially uniform and at rest. Most of the prior studies have remained focused on the propagation of shocks in an ideal or non-ideal gaseous media without discussing the change in entropy across the shock front. The expression for the change in entropy across the imploding shock front is also derived. The numerical estimations of flow variables behind the imploding front with cylindrical (1) and spherical shock (2) symmetries are carried out using MATHEMATICA and MATLAB codes. The effects of non-ideal gas are investigated on the flow field behind the shock as the imploding shock wave propagates towards the centre of convergence. This model appropriately makes obvious the effects due to an increase in (i) the propagation distance from the centre of convergence, (ii) the non-idealness parameter and (iii) the adiabatic index, on the propagation velocity of shock, pressure, density, particle velocity, speed of sound, compressibility of medium and the change in entropy across the shock front. The results are discussed by comparison with those for the case of a perfect gas flow. Thus, the results provided a clear picture of whether and how the non-idealness parameter and the adiabatic index affect the flow field just behind the imploding shock front. The rest of the paper is organized as follows: Sec tion 2 describes the general assumptions and notations, equation of state for non-ideal gas and set of generalized jump relations. In Section 3 geometrical shock dynamics approach is used to obtain the analytical solutions. A brief discussion of the results is presented in Section 4. The Shock dynamics of strong imploding cylindrical and spherical shock waves with non-ideal gas effects findings are concluded in Section 5 with details on which effects were accounted for and which were not.
Equations of motion and shock jump relations
The non-steady, one dimensional flow field in non-ideal gas is a function of two independent variables; the time t and the space coordinate r. In order to get some essential features of shock wave propagation, it is assumed that the equilibrium-flow condition is maintained in the flow field. The conservation equations governing the flow of a one-dimensional, inviscid, non-ideal gas under an equilibrium condition can be expressed conveniently in Eularian coordinates as follows:
the internal energy of non-ideal gas per unit mass, and r is the distance from the origin, O. The geometrical factor j is defined by
, where A is the flow crosssection area [37] . Then the one-dimensional flow in plane, cylindrical and spherical symmetry is characterized by j = 0, 1, and 2, respectively. The equation of state of an ideal gas is generally applied to actual gases with sufficient accuracy. Obviously, this approximation is inadequate, and it is necessary to take account of the deviations of an actual gas from the ideal state which result from the interaction between its component molecules. A short description of the equation of state for non-ideal gas presented here was given in the recent paper of the author [36] . The information given in that paper is repeated here for completeness. The equation of state for a non-ideal gas is obtained by considering an expansion of the pressure p in powers of the density  as [35] .
where  is the gas constant, p,  and T are the pressure, density, and temperature of the non-ideal gas, respectively, and )
, are virial coefficients. The first term in the expansion corresponds to an ideal gas. The second term is obtained by taking into account the interaction between pairs of molecules, and subsequent terms must involve the interactions between the groups of three, four, etc. molecules. In the high temperature range the coefficients ) ( 1 T C and ) ( 2 T C tend to constant values equal to b and   2 , b being the internal volume of the molecules, and therefore it is sufficient to consider the equation of state in the form [38] 
In this equation the correction to pressure is missing due to the neglect of second and higher powers of  b i.e. due to the neglect of interactions between groups of three, four, etc. molecules of the gas. Roberts and Wu [25, 39] have used an equivalent equation of state to study the shock theory of sonoluminescence. The internal energy e per unit mass of the non-ideal gas is given as
where  is the adiabatic index. Eq. (5) implies that
neglecting the second and higher powers of  b . Here p C and v C are the specific heats of the gas at constant pressure and constant volume, respectively. The non-ideal gas effects can be expressed in the fundamental equations according to Chandrasekhar [40] , by two thermodynamical variables, namely by the sound velocity factor (the isentropic exponent) *  and a factor K, which contains internal energy as follows:
Using the first law of thermodynamics and the Eqs. (4) and (5), we obtain
, neglecting the second and higher powers of  b . This shows that the isentropic exponent *  is non-constant in the shocked gas, but the factor K is constant for the simplified equation of state for non-ideal gas in the form given by Eq. (4). The isentropic velocity of sound, a in non-ideal gas is given by
The deviation of the behavior of a non-ideal gas from that of a perfect gas is indicated by the adiabatic compressibility defined as,
denotes the derivative of  with respect to p at the constant entropy s .
We can write an explicit formula for the change in entropy s  across the shocks of arbitrary strength in non-ideal gas as
Using Eq. (5), the Eq. (3) transforms into 
b is the non-idealness parameter of the gas and, M is Mach number. For strong shocks, o a U  , thus the pressure, density, particle velocity and sound speed just behind the strong shock can be, respectively, written as
The geometrical shock dynamics theory and analytical solutions
In this section, we developed the geometrical shock dynamics model to provide a simplified, approximate treatment for the propagation of strong imploding shock waves in non-ideal fluids. The geometrical shock dynamics approach due to Whitham [34] provides practically accurate results especially for continuously accelerating imploding shocks. Consequently, the present model is well suited for studying shocks in the selfpropagating limit, in which the front is moving steadily or accelerating. According to the geometrical shock dynamics approach, the characteristic form of the governing Eqs. (1), (2) and (8), is easily obtained by forming a linear combination of Eqs. (1) and (8) in only one direction in ) , ( t r -plane. The linear combination of these two equations can be written as
The conditions that this combination involves the derivatives in only one direction, are given by
and
Eqs. (15) and (16) give
It shows the fact that the characteristic curves in   t r, -plane represent the motion of possible disturbances whose velocity differs from the velocity of non-ideal gas u by the value a  (speed of sound), respectively, for diverging and converging shock waves. Now, Eq. (14) can be written as 
The Eqs. (19) and (20) represent the characteristic equations for exploding and imploding shock waves, respectively. The geometrical shock dynamics approach states that when relevant equations are written first in the characteristics form, the differential relation which must be satisfied along a characteristic can be applied to the flow quantities just behind the shock front. Together with the shock jump relations, this rule determines the propagation of the shock waves. We assume here that the shock jump relations to hold, of course, within the order of approximation determine by a constant value of U. We apply here the differential relation (20) along the negative characteristic  C behind the shock wave. Together with the shock jump relations, we are able to Shock dynamics of strong imploding cylindrical and spherical shock waves with non-ideal gas effects describe the shock velocity U or the related quantities in terms of the quantities just ahead of the shock front. Eq. (20) is valid only along the negative characteristic curve  C in the   t r, -plane, behind the imploding shock front.
The idea of the characteristic rule of Whitham [34] is to apply, on the negative characteristic curve  C along the imploding shock front. We thus neglect the difference in the constants of integration obtained when Eq. (20) is solved on different characteristics that intersect the shock front. These differences arise from the non-uniformity of the flow behind the shock, so the characteristic rule effectively ignores the influence of the flow behind the shock wave on the shock propagation. Because the effect of the flow behind the shock on the shock dynamics is ignored, the method is very good for situations where the shock wave accelerates with time, so that features of the flow behind do not 'catch up' with the shock. The excellent examples of flows with this characteristic are converging shock waves, which are the subject of this paper. For spherically and cylindrically symmetric implosions in ideal gases, the results of the Whitham's rule can be compared with the exact solutions and are correct to three significant figures. Now, assuming that the negative characteristic curve  C applies on the shock front, we can use the shock jump relations given by Eqs. (10) - (13) to write the quantities in it, which are those immediately behind the shock, in terms of those ahead of the shock and the shock velocity. The shock jump relations we use here are the shock conditions for the non-ideal gas [36] rather than the ideal gas shock conditions used by Whitham [34] . Now, substituting the shock jump relations given by Eqs. for spherical shock waves, where r is the radius of the shock front from the centre of convergence. For infinitely strong shock waves in ideal gas, Whitham [34, p273] obtained the characteristic rule as 
The characteristic rule is used for the problem of a shock propagating through a uniform and non-uniform density media. It is also the basis for the geometrical treatment of two and three dimensional shock propagation. Now, the corresponding analytical expressions for the distribution of pressure p , density  , particle velocity u, and sound speed a just behind the imploding shock front can be easily written as
Using Eqs. (6), (24) and (26), the adiabatic compressibility of the medium may be expressed as
The analytical expression for the change in entropy across a strong imploding shock front in non-ideal gas flow is easily obtained by using the equations (7), (23) and (24) as
Thus, the influence of non-ideal gas on the propagation velocity of imploding shock wave and the flow field parameters behind the imploding shock front can be explored from the above analytical expressions (22)- (28) . 
Results and Discussion
In the present paper the general analytical solution for strong imploding shock waves in non-ideal gas was obtained by adopting the geometrical shock dynamics, due to Whitham [34] and further the general solution was examined and explored for the cylindrical and spherical shock waves. The goal of the present investigation was to examine the effects due to the non-ideal gas on the imploding shock waves as they focus at the centre of convergence and the region of flow field immediately behind the shock front. The equation of state for non-ideal gas was considered as given by Landau and Lifshitz [35] . The general characteristic rule for the propagation velocity (23) - (27) , respectively. The change in entropy  s across the imploding shock front in the non-ideal gas is given by the Eq. (28). These analytical expressions were derived by assuming that the disturbances due to the reflections, wave interactions in the wake, etc., do not overtake the imploding shock waves. It is worth mentioning that the effects due to the non-ideal gas enter through the parameter of non-idealness o b . It is notable that the analytical solutions for the cylindrical and spherical imploding shock waves are principally identical and only a geometrical factor j differs the two cases.
The general non-dimensional analytical expressions for the propagation velocity of shock, the pressure, the density, the particle velocity, the sound speed, the adiabatic compressibility of medium and the change in entropy across the shock front are the functions of the propagation distance r from the origin O, the adiabatic index and the non-idealness parameter o b of the gas. Therefore, the values of the constant parameters are taken to be o b = 0, 0.03125, 0.06250, 0.09375, 0.12500, 0.15625, 0.18750, 0.21875, 0.25000;  = 6/5, 11/9, 5/4, 9/7, 4/3, 7/5, 3/2, 5/3, 2 for the general purpose of numerical computations. The planar case 0  j is not of interest since no area convergence and shock amplification exist and it is simply the ord inary planar blast wave problem. The value o b = 0, corresponds to the case of a perfect gas. It is very useful to mention that the present analysis serves an analytical description for the propagation of strong imploding shock waves through an in-viscid, non-heat conducting and electrically infinitely conducting real gases.
The Fig. 1(a-f) . It is remarkable that the shock velocity, pressure, particle velocity and speed of sound increase as the cylindrical shock wave approaches the centre of convergence (see, Fig. 1(a-d) ). The compressibility of the medium behind the shock front decreases as the shock moves towards the centre of convergence (see, Fig. 1(e) ) whereas the change in entropy across the front increases (see, Fig. 1(f) ). It is notable that the distribution of density immediately behind the cylindrical shock front is independent of propagation distance r (vide, Eq. (24)). Table 2 displays the variation of density with non-idealness parameter o b and adiabatic index  of the gas. The density just behind the cylindrical shock front increases with increase in the value of non-idealness parameter o b whereas it decreases with increase in the value of adiabatic index  . It is remarkable that the density behind the cylindrical shock front remains unchanged with the propagation distance r .
Shock dynamics of strong imploding cylindrical and spherical shock waves with non-ideal gas effects and various values of adiabatic index  of the gas. It is notable that the shock velocity increases with increase in the value of non-idealness parameter o b whereas it decreases with increase in the value of adiabatic index  (see, Fig. 2(a) ). The pressure, particle velocity and sound speed just behind the shock front increase with increase in the value of non-idealness parameter o b whereas these flow variables decrease with increase in the value of adiabatic index  (see, Fig. 2(b-d) ). The adiabatic compressibility of medium after the passage of shock decreases with increase in the value of nonidealness parameter o b whereas it increases with an increase in the value of adiabatic index  (see, Fig. 2(e) ). The change in entropy across the shock front decreases with increase in the value of non-idealness parameter o b however it increases with increase in the value of adiabatic index  of the gas (see, Fig. 2(f) ). Thus, the Fig. 2 (a-f) reveals clearly the effects of non-idealness parameter o b and adiabatic index  of the gas on the shock velocity, the flow quantities just behind the shock front and the change in entropy across the cylindrical shock front. It is obvious that the effects due to the non-idealness Fig. 3(a-f) . It is noteworthy that the shock velocity, pressure, particle velocity and sound speed increase as the spherical shock wave propagates towards the centre of convergence (see, Fig. 3(ad) ). The adiabatic compressibility of the medium just behind the shock decreases as the shock wave converges at the centre of convergence (see, Fig. 3(e) ) however the change in entropy across the shock front increases (see, Fig. 3(f) ). It is notable that the distribution of density immediately behind the spherical shock front is independent of the propagation distance r (vide Eq. (24)). Table 2 displays the variation of density with non-idealness parameter o b and adiabatic index  of the gas. The density just behind the spherical shock front increases with increase in the value of non-idealness parameter o b of the gas whereas it decreases with increase in the value of adiabatic index  . It is remarkable that the density behind the spherical shock front remains unchanged with the propagation distance r . Fig. 4 (a-f) shows the variations of the shock velocity, pressure, particle velocity, sound speed, adiabatic compressibility and change in entropy with nonidealness parameter o b of the gas for 7 . 0  r and different values of the adiabatic index  . It is worth mentioning that the shock velocity increases with increase in the value of non-idealness parameter o b whereas it decreases with increase in the value of adiabatic index  of the gas (see, Fig. 4(a) ). The pressure, particle velocity and sound speed just behind the shock front increase with increase in the value of non-idealness parameter o b of the gas whereas these flow variables decrease with increase in the value of adiabatic index  of the gas (see, Fig. 4(b-d) ). The adiabatic compressibility of the medium after the passage of shock decreases with increase in the value of non-idealness parameter o b of the gas whereas it increases with an increase in the value of adiabatic index  of the gas (see, Fig. 4(e) ). The change in entropy across the spherical shock front increases with increase in the value of non-idealness parameter o b of the gas however it decreases with increase in the value of adiabatic index  of the gas (see, Fig. 4(f) ). Thus, the Fig. 4 
Conclusions
The investigations made in the present paper are intended to contribute to the understanding of the strong imploding shock waves in real gases, astrophysical fluids, etc. by giving, for the first time, the full analytical solutions for the flow field behind the imploding shock front. The analytical solutions were obtained using the geometrical shock dynamics approach [34] . The effects due to the non-ideal gas on the strong imploding cylindrical and spherical shock waves were studied in view of the equation of state as given by Landau and Lifshitz [35] . Such problem is of great interest in astrophysics and space science as it is highly relevant to the problem of the origin of cosmic rays [6, 7, 9, 12] .
The following conclusions may be drawn from the findings of the current analysis: 1. The effects due to the non-idealness parameter and the adiabatic index of the gas, generally, do not change the trends of variations of the shock velocity and flow variables behind the cylindrical and spherical shock waves but they modify the numerical values of the shock velocity and flow variables from their values for the ideal gas case. 2. The shock velocity, pressure, particle velocity, speed of sound and change in entropy across the front increase whereas the adiabatic compressibility of medium decreases as the shock wave focuses at the centre of convergence. The density of gas behind the shock front remains independent with the propagation distance. 3. The shock velocity, pressure, density, particle velocity, speed of sound and change in entropy increase whereas the adiabatic compressibility decreases with increase in the value of non-idealness parameter of the gas. 4. The shock velocity, pressure, density, particle velocity, speed of sound and change in entropy decrease whereas the adiabatic compressibility increases with an increase in the value of adiabatic index of the gas. 5. The trends of variations of the shock velocity and the flow quantities just behind the shock wave in the real gases are similar to that of behind the shock wave in a perfect gas.
Except being of interest from a physicist's point of view, present and potential applications of the model developed in this paper are found in material science, nuclear science, astrophysics and space science. Strong imploding shock waves are of interest in material synthesis, where the phase, hardness or other characteristics of a material can be changed through shock wave compression e.g. synthesis of diamond from carbon. The model may be used to describe some of the overall features of the imploding shock waves in stars, stellar medium, double-detonation supernovae, astrophysical fluids, fusion reactions e.g. gamma-rays have been detected escaping from shock waves converging in Shock dynamics of strong imploding cylindrical and spherical shock waves with non-ideal gas effects R K Anand Wave Motion (2013), http://dx.doi.org/10.1016/j.wavemoti.2013.04.002 email: anand.rajkumar@rediffmail.com 28/30 Physics Department , University of Allahabad, Allahabad 211 002 deuterium, etc. This model is valid when the shock wave is away from the centre of convergence because at the centre the pressure becomes infinite which is not physical. The model's advantages lie in the fact that it is capable of describing the flow field just behind the strong imploding shocks in ideal as well as actual environments. The problem considered in the paper is of astrophysical interest, however, the methodology and analysis presented in the paper may be useful in many other physical systems which involve nonlinear hyperbolic wave propagation. 
